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CONTROLLABILITY OF 2D EULER AND NAVIER-STOKES
EQUATIONS BY FORCING 4 MODES
ANDREY A. AGRACHEV
1
AND ANDREY V. SARYCHEV
2
Abstrat. We study ontrollability issues for the 2D Euler and Navier-
Stokes (NS) systems under periodi boundary onditions. These systems
desribe motion of homogeneous ideal or visous inompressible uid on
a two-dimensional torus T
2
. We assume the system to be ontrolled by
a degenerate foring applied to xed number of modes.
In our previous work [5, 7, 6℄ we studied global ontrollability by
means of degenerate foring for Navier-Stokes (NS) systems with non-
vanishing visosity (ν > 0). Methods of dierential geometri/Lie alge-
brai ontrol theory have been used for that study. In [5℄ riteria for
global ontrollability of nite-dimensional Galerkin approximations of
2D and 3D NS systems have been established. It is almost immediate
to see that these riteria are also valid for the Galerkin approximations
of the Euler systems; in fat the Lie brakets involved into the orre-
sponding Lie rank ontrollability ondition do not depend on the visous
term. In [7, 6℄ we established a muh more intriate suient riteria
for global ontrollability in nite-dimensional observed omponent and
for L2-approximate ontrollability for 2D NS system . The justia-
tion of these riteria was based on a Lyapunov-Shmidt redution to a
nite-dimensional system. Possibility of suh a redution rested upon
the dissipativity of NS system, and hene the previous approah an not
be adapted for Euler system.
In the present ontribution we improve and extend the ontrollability
results in several aspets: 1) we obtain a stronger suient ondition for
ontrollability of 2D NS system in an observed omponent and for L2-
approximate ontrollability; 2) we prove that these riteria are valid for
the ase of ideal inompressible uid (ν = 0); 3) we study solid ontrol-
lability in projetion on any nite-dimensional subspae and establish a
suient riterion for suh ontrollability.
Keywords: inompressible uid, 2D Euler system, 2D Navier-Stokes
system, ontrollability
AMS Subjet Classiation: 35Q30, 93C20, 93B05, 93B29
1. Introdution
The present paper extends our work started in [5, 7, 6℄ on studying on-
trollability of 2- and 3- dimensional Navier-Stokes equations (2D and 3D NS
systems) under periodi boundary onditions. The harateristi feature of
our problem setting is a hoie of ontrol funtions; we are going to ontrol
the 2D NS/Euler system by means of degenerate foring. The orresponding
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equations are
∂u/∂t + (u · ∇)u+∇p = ν∆u+ F (t, x),(1)
∇ · u = 0.(2)
The words "degenerate foring" mean that F (t, x) is a "low-order" trigono-
metri polynomial with respet to x, i.e. a sum of a "small number" of
harmonis:
F (t, x) =
∑
k∈K1
vk(t)e
ik·x, K1 is nite.
The word "ontrol" means that the omponents vk(t), t ∈ [0, T ] of the foring
an be hosen freely among measurable essentially bounded funtions. In fat
to ahieve ontrollability pieewise-onstant ontrols sue.
In [5, 7, 6℄ we derived suient ontrollability riteria for Galerkin approx-
imations of 2D and 3D NS systems. For the 2D NS system we established
suient riteria for so alled, ontrollability in nite-dimensional observed
omponent and for L2-approximate ontrollability. The orresponding de-
nitions an be found in the Setion 3.
Now we onsider both ases of visous (ν > 0) and ideal (ν = 0) inom-
pressible uid simultaneously. To establish a possibility to propagate the
ation of small dimensional ontrol to (a nite number of) higher modes we
use the tehnique of Lie extensions developed in the sope of geometri on-
trol theory (see [3, 18℄). For nite-dimensional Galerkin approximations of
2D and 3D Euler systems (ν = 0) the ontrollability riteria turn out to be
the same as for 2D and 3D NS systems (ν > 0) (see [5, 7, 6℄). This is due to
the fat that these ontrollability riteria are of "purely nonlinear" nature;
they are ompletely determined by the nonlinear term of the Euler system.
Tools of Geometri Control Theory are not yet adapted too muh to
innite-dimensional ase. For dealing with ininite-dimensional dynamis
we used in [5, 7, 6℄ a Lyapunov-Shmidt redution to a nite-dimensional
system. The possibility of suh a redution rested upon dissipativity of the
NS system, whih is not anymore present when one deals with Euler system.
In the present paper we abandon the Lyapunov-Shmidt redution and
instead rene the tools of geometri ontrol in order to deal with visous
and nonvisous ase at the same time. This renement also allow us to im-
prove the suient riterion of ontrollability in observed omponent for 2D
NS/Euler system. The riterion, formulated in terms of so-alled 'saturating
property' of the set of ontrolled foring modes, is stronger then the one
established in [5, 7, 6℄. Analysis of the saturation property in [17℄ showed
that a generi symmetri set of 4 ontrolled modes sues for ahieving
ontrollability.
For a saturating set we manage to prove L2-approximate ontrollability for
2D NS/Euler system. We also study ontrollability in nite-dimensional pro-
jetions. The latter property means that the attainable set of 2D NS/Euler
system is projeted surjetively onto any nite-dimensional subspae of H2.
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There has been an extensive study of ontrollability of the Navier-Stokes
and Euler equations in partiular by means of boundary ontrol. There are
various results on exat loal ontrollability of 2D and 3D Navier-Stokes
equations obtained by A.Fursikov, O.Imanuilov, global exat ontrollability
for 2D Euler equation obtained by J.-M. Coron, global exat ontrollability
for 2D Navier-Stokes equation by A.Fursikov and J.-M. Coron. We refer the
readers to the book [12℄ and to the surveys [13℄ and [10℄ for further referenes.
Our problem setting diers from the above results by the lass of degen-
erate distributed ontrols whih is involved. In loser relation to our work
is a publiation of M.Romito ([22℄) who provided a riterion for ontrol-
lability of Galerkin approximations of 3D NS systems. J.C.Mattingly and
E.Pardoux adapted ([21℄)) the ontrollability result from [7℄ for studying
properties of the solutions of stohastially fored 2D NS systems. M.Hairer
and J.C.Mattingly have applied ([17℄) the ontrollability results to studying
ergodiity of 2D Navier-Stokes equation under degenerate stohasti foring.
The struture of our paper is as follows. Setion 2 ontains a neessary
minimum of standard preliminary material on 2D Euler and NS systems.
The problem setting in the Setion 3 is sueeded by the formulation of
the main results in the Setion 4. These results inlude suient riteria
for ontrollability in observed omponent, for solid ontrollability in nite-
dimensional projetion, and for L2-approximate ontrollability for both 2D
NS and 2D Euler systems.
The rest of the paper is devoted to the proofs of these results. Among
the tools involved are some results on equiboundedness and ontinuous de-
pendene of solutions of 2D NS/Euler systems on relaxed forings. Being
interesting for their own sake these results are formulated in Setion 5 and
are proved in Appendix. In Setion 6 we aomplish the proof of (solid)
ontrollability in observed omponent. The onstrution, introdued in this
proof, is ruial for the proof of ontrollability in a nite-dimensional pro-
jetion aomplished in Setion 7. Proof of L2-approximate ontrollability
is similar; the readers an either omplete it by themselves or onsult [7℄.
2. Preliminaries on 2D NS/Euler System: vortiity, spetral
method, Galerkin approximations
We onsider the 2D NS/Euler system (1)-(2). The boundary onditions
are assumed to be periodi, i.e. one may assume the veloity eld u to be
dened on the 2-dimensional torus T2. Besides we assume
(3)
∫
T2
udx = 0.
Let us introdue the vortiity w = ∇⊥ · u = ∂u2/∂x1 − ∂u1/∂x2 of u.
Applying the operator ∇⊥ to the equation (1) we arrive to the equation:
(4) ∂w/∂t + (u · ∇)w − ν∆w = v(t, x),
where v(t, x) = ∇⊥ · F (t, x).
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Notie that: i) ∇⊥ · ∇p = 0, ii) ∇⊥ and ∆ ommute as linear dierential
operators in x with onstant oeients;
iii) ∇⊥ · (u · ∇)u = (u · ∇)(∇⊥ · u) + (∇⊥ · u)(∇ · u) = (u · ∇)w,
for all u satisfying (2).
It is known that u, whih satises the relations (2) and (3), an be reov-
ered in a unique way from w. From now on we will deal with the equation
(4).
A natural and standard (see [8, 9℄) way to view the NS systems is to
represent them as evolution equations in Hilbert spaes.
Consider Sobolev spaes Hℓ(Ts) with the salar produt dened as
〈u, u′〉ℓ =
∑
α≤ℓ
∫
Ts
(∂αu/∂xα)(∂αu′/∂xα)dx;
the norm ‖ · ‖ℓ is dened by virtue of this salar produt. Denote by Hℓ
the losures of {u ∈ C∞(Ts),∇ · u = 0} in the norms ‖ · ‖ℓ in the respetive
spaes Hℓ(Ts), ℓ ≥ 0. The norms in Hℓ will be denoted again by ‖·‖ℓ. It will
be onvenient for us to redene the norm of H1 by putting ‖u‖21 = 〈−∆u, u〉,
and the norm of H2 by putting ‖u‖22 = 〈−∆u,−∆u〉.
Results on global existene and uniqueness of weak and lassial solutions
of NS systems in bounded domains an be found in [9, 8, 20℄. The proofs for
the the non-visous (Euler) ase are more deliate. W.Wolibner's existene
and uniqueness theorem is presented in [19℄. Formulation in [11℄ allows for
asserting global existene and uniqueness of trajetories t 7→ ut (respetively
t 7→ wt for the vortiity) of the 2D Euler systems in any Sobolev spae Hs
with s > 2 (respetively with s > 1 for the vortiity), provided that the
initial data belongs to these spaes.
Let us onsider now the basis of eigenfuntions {eik·x} of the Laplaian
on T
2
and take the Fourier expansion of the vortiity w(t, x) =
∑
k qk(t)e
ik·x
and ontrol v(t, x) =
∑
k vk(t)e
ik·x
. As far as w and f are real-valued, we
have w¯n = w−n, v¯n = v−n. We assume v0 = 0; by (3) q0 = 0.
Evidently ∂w/∂t =
∑
k q˙k(t)e
ik·x
. To ompute (u · ∇)w we write the
equalities
∇⊥ · u = w, ∇ · u = 0⇔ −∂2u1 + ∂1u2 = w, ∂1u1 + ∂2u2 = 0.
From these latter we onlude by a standard reasoning that
u1 =
∑
k
qk(t)(ik2/|k|2)eik·x, u2 = −
∑
k
qk(t)(ik1/|k|2)eik·x,
and
(u · ∇)w =
∑
m+n=k
(m ∧ n)|m|−2qmqn,
where m ∧ n = m1n2 −m2n1 is the external produt of m = (m1,m2), n =
(n1, n2).
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Now the 2D NS/Euler system an be written as an (innite-dimensional)
system of ODE for qk:
(5) q˙k =
∑
m+n=k
(m ∧ n)|m|−2qmqn − ν|k|2qk + vk, k,m, n ∈ Z2.
Observe that the produt qmqn enters the sum
∑
m+n=k(m∧n)|m|−2qmqn
twie with (a priori) dierent oeients. Therefore this sum an be rear-
ranged
(6)
∑
m+n=k
(m ∧ n)|m|−2qmqn =
∑
m+n=k,|m|<|n|
(m ∧ n)(|m|−2 − |n|−2)qmqn.
From the last representation we onlude that qmqn does not appear in the
equations whenever |m| = |n|.
Consider any nite subset G ⊂ Z2 and introdue the Galerkin G-approxi-
mation of the system (4) or of the system (5) by projeting this system onto
the linear spae spanned by the harmonis eik·x with k ∈ G. The result is a
nite-dimensional system of ODE or a ontrol system
(7) q˙k =
∑
m+n=k
(m ∧ n)|m|−2qmqn − ν|k|2qk + vk, k,m, n ∈ G.
3. 2D NS/Euler system ontrolled by degenerate foring.
Problem setting
We study the ase where the 2D NS/Euler system is fored by a trigono-
metri polynomial: v(t, x) =
∑
k∈K1 vke
ik·x
, where K1 is a nite set. Suh
foring is alled degenerate. As we said vk(·) with k ∈ K1 are ontrols at our
disposal; they are arbitrary measurable essentially bounded funtions.
Let us introdue a nite set of observed modes indexed by k ∈ Kobs ⊂ Z2.
The observed modes are reunited in so-alled observed omponent.
We assume Kobs ⊇ K1. As we will see, nontrivial ontrollability issues
arise only if K1 is a proper subset of Kobs. We identify the spae of observed
modes with R
N
and denote by Πobs the operator of projetion of solutions
onto the spae of observed modes.
We will represent the ontrolled 2D NS/Euler equation in the following
splitted (ontrolled -observed -unobserved omponents) form:
q˙k =
∑
m+n=k
(m ∧ n)|m|−2qmqn − ν|k|2qk + vk, k ∈ K1,(8)
q˙k =
∑
m+n=k
(m ∧ n)|m|−2qmqn − ν|k|2qk, k ∈ Kobs \ K1,(9)
Q˙ = ν∆Q+B(q,Q).(10)
In the latter equation B(q,Q) stays for the projetion of the nonlinear
term of the Euler system onto the spae of unobserved modes.
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Galerkin Kobs-approximation of the 2D NS/Euler system onsists of the
equations (8)-(9) under an additional ondition m,n ∈ Kobs for the summa-
tion indies.
Denition 3.1. Galerkin Kobs-approximation of 2D NS/Euler systems is
time-T globally ontrollable if for any two points q˜, qˆ in RN , there exists a
ontrol whih steers in time T this Galerkin approximation from q˜ to qˆ. 
Denition 3.2. (ontrollability in observed omponent) 2D NS/Euler sys-
tem is time-T globally ontrollable in observed N -dimensional omponent if
for any ϕ˜ ∈ H2 and any qˆ ∈ RN there exists a ontrol whih steers the system
in time T from ϕ˜ to some ϕˆ ∈ (Πobs)−1(qˆ). 
In other words the 2D NS/Euler system is globally ontrollable in observed
omponent if its time-T attainable set (from eah point) is projeted by
Πobs onto the whole oordinate subspae spanned by the observed modes.
Notie that the observed dynamis (8)-(9) is aeted by innite-dimensional
dynamis (10).
We generalize the previous denition.
Denition 3.3. (ontrollability in nite-dimensional projetion) Let L be a
nite-dimensional subspae of H2(T
2) and ΠL be L2-orthogonal projetion of
H2(T
2) onto L. The 2D NS/Euler system is time-T globally ontrollable in
projetion on L if for any ϕ˜ ∈ H2(T2) and for any qˆ ∈ RN there exists a
ontrol whih steers the system in time T from ϕ˜ to some ϕˆ ∈ (ΠL)−1(qˆ). 
Remark 3.1. Controllability in observed omponent amounts to ontrolla-
bility in nite-dimensional projetion on a oordinate subspae L. .
Denition 3.4. (L2-approximate ontrollability) The 2D NS/Euler system
is time-T L2-approximately ontrollable, if for any two points ϕ˜, ϕˆ ∈ H2 and
for any ε > 0 there exists a ontrol whih steers the system in time T from
ϕ˜ to the ε-neighborhood of ϕˆ in L2-norm. 
Let us introdue some useful terminology.
Denition 3.5. Fix initial ondition ϕ˜ ∈ H2(T2) for trajetories of the
ontrolled 2D NS/Euler system.
The orrespondene between the ontrolled foring v(·) ∈ L∞
(
[0, T ];Rd
)
and the orresponding trajetory (solution) wt of the system is established by
foring/trajetory map (F/T -map).
The orrespondene between the ontrolled foring v(·) and the observed
omponent q(t) = Πobswt (an R
N
-valued funtion) of the orresponding tra-
jetory is established by foring/observation map (F/O-map).
If NS/Euler system is onsidered on an interval [0, T ] (T < +∞), then
the map F/T T : v(·) 7→ wT is alled end-point map; the map Πobs ◦ F/T T
is alled end-point omponent map, the omposition ΠL ◦ F/T T is alled
L-projeted end-point map. 
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Remark 3.2. In the terminology of ontrol theory the rst two maps would
be alled input/trajetory and input/output maps orrespondingly. 
Remark 3.3. Evidently time-T ontrollability of the NS/Euler system in
observed omponent or in nite-dimensional projetion is the same as sur-
jetiveness of the orresponding end-point maps. 
Invoking these maps we will introdue a stronger notion of solid ontrol-
lability.
Denition 3.6. Let Φ :M1 7→M2 be a ontinuous map between two metri
spaes, and S ⊆ M2 be any subset. We say that Φ overs S solidly, if
S ⊆ Φ(M1) and this inlusion is stable with respet to C0-small perturbations
of Φ, i.e. for some C0-neighborhood Ω of Φ and for eah map Ψ ∈ Ω, there
holds: S ⊆ Ψ(M1). 
In what follows M2 will be nite-dimensional vetor spae.
Denition 3.7. (solid ontrollability in nite-dimensional projetion) The
2D NS/Euler system is time-T solidly globally ontrollable in projetion on
nite-dimensional subspae L ⊂ H2, if for any bounded set S in L there
exists a set of ontrols BS suh that
(
ΠL ◦ F/T T
)
(BS) overs S solidly. 
3.1. Problem setting. We address the following questions.
Question 1. Under what onditions the 2D NS/Euler system (8)-(9)-(10)
is globally ontrollable in observed omponent? 
Question 2. Under what onditions the 2D NS/Euler system (8)-(9)-(10)
is solidly ontrollable in any nite-dimensional projetion? 
Question 3. Under what onditions the 2D NS/Euler system is L2-
approximately ontrollable? 
In [7, 6℄ we have answered the Questions 1,3 for the 2D NS system. In
the present ontribution we improve the previous results (provide suient
ontrollability onditions under weaker hypothesi), extend them onto the
ase of ideal uid (2D Euler equation) and answer the Question 2 for 2D NS
and Euler systems.
4. Main results for 2D NS/Euler system
Let K1 ⊂ Z2 be a nite set of ontrolled foring modes; 0 6∈ K1. Dene
the sequene of sets Kj ⊂ Z2 iteratively as:
Kj = Kj−1
⋃
(11)
{m+ n| m,n ∈ Kj−1
∧
‖m‖ 6= ‖n‖
∧
m ∧ n 6= 0}.
Theorem 4.1. (ontrollability in observed omponent) Let K1 be the set of
ontrolled foring modes, Kobs a nite set of observed modes. Dene itera-
tively by (11) the sequene of sets Kj , j = 2, . . . , and assume that KM ⊇ Kobs
for some M ≥ 1. Then for any T > 0 the 2D NS/Euler system (8)-(9)-(10)
is time-T globally ontrollable in the observed omponent. 
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Remark 4.1. The present suient riterion diers from the one, we ob-
tained in [7, 6℄, by the presene of the 'term' Kj−1 in the right-hand side of
the formula (11). With the new augmented Kj 's and with new 'saturation
property' (see Denition 4.2) ontrollability an be established under weaker
hypothesi. 
Theorem 4.1 haraterizes ontrollability in projetion on a nite-dimen-
sional oordinate subspaes. A natural question is whether the system is
ontrollable in projetion on any nite-dimensional subspae (a relevane
of this question for regularity of solutions for stohastially fored 2D NS
system has been explained to us by J.C.Mattingly and E.Pardoux).
Denition 4.2. A nite set K1 ⊂ Z2 \ {0} of foring modes is alled satu-
rating if
⋃∞
j=1Kj = Z2 \ {0}, where Kj are dened by (11). 
Theorem 4.3. (ontrollability in nite-dimensional projetion) Let K1 be a
saturating set of ontrolled foring modes and L be any nite-dimensional
subspae of H2. Then for any T > 0 the 2D NS/Euler system (8)-(9)-(10)
is time-T solidly ontrollable in any nite-dimensional projetion. 
Another ontrollability result holds under similar assumptions.
Theorem 4.4. (L2-approximate ontrollability) Consider the 2D NS/Euler
system ontrolled by degenerate foring. Let K1 be a saturating set of on-
trolled foring modes. Then for any T > 0 the system (8)-(9)-(10) is time-T
L2-approximately ontrollable. 
4.1. Saturating sets of foring modes. As we see the saturating property
is ruial for ontrollability. In [17℄ a haraterization of this property for
symmetri subsets K1 ⊂ Z2 (suh that k ∈ K1 ⇒ −k ∈ K1) has been
established.
Proposition 4.5 ([17℄). If a symmetri set K1 ⊂ Z2 ontains two vetors
whih are not ollinear and have dierent lengths, then K1 is saturating. 
Corollary 4.6. The set K1 = {(1, 0), (−1, 0), (1, 1), (−1,−1)} ⊂ Z2 is satu-
rating. 
This proves that ontrollability an be ahieved by foring 4 modes.
Theorem 4.7. Consider 2D NS/Euler system ontrolled by degenerate for-
ing. Let the set of ontrolled modes ontain vetors k, ℓ,−k,−ℓ ∈ Z2, where
k ∧ ℓ 6= 0, ‖k‖ 6= ‖ℓ‖. Then this system is solidly ontrollable in any nite-
dimensional projetion and is L2-approximately ontrollable. 
5. Relaxation of foring for 2D NS/Euler system:
approximation results and uniform bounds for trajetories
In this Setion we formulate some results on boundedness and ontinuity of
solutions of 2D NS/Euler system with respet to the foring. We assume the
spae of degenerate forings to be endowed with a weak topology determined
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by so-alled relaxation metri. These results are used in Setion 6 for proving
ontrollability in observed projetion. Besides they are interesting for their
own sake as an example of appliation of relaxed ontrols to NS/Euler and
other lasses of PDE systems. The proofs are rather tehnial; they are to
be found in Appendix.
5.1. Relaxation metri.
Denition 5.1. (see e.g. [15, 16℄) The relaxation pseudometri in the spae
L1
(
[0, T ],Rd
)
is dened by the seminorm
‖u(·)‖rx = max
t∈[0,T ]
{∥∥∥∥
∫ t
0
u(τ)dτ
∥∥∥∥
Rd
}
.
The relaxation metri is obtained by identiation of the funtions whih
oinide for almost all τ ∈ [0, T ]. 
The relaxation metri is weaker than the natural metri of L1
(
[0, T ],Rd
)
.
The relaxation norms of fast osillating funtions are small, while their L1-
norms an be large. For example
‖ω1/2 cosωt‖rx = max
t∈[0,T ]
∣∣∣∣
∫ t
0
ω1/2 cosωτdτ
∣∣∣∣ ≤ ω−1/2,
and ‖ω1/2 cosωt‖rx → 0, as ω → +∞, while ‖ω1/2 cosωt‖L1 → +∞, as ω →
+∞.
Lemma 5.2. Let for integrable funtions φn(·), n = 1, 2, . . . , their relax-
ation norms ‖φn(·)‖rx n→∞−→ 0. Let {rβ(t)| β ∈ B} be a family of absolutely-
ontinuous funtions with their W1,2-norms equibounded:
∃C : ‖rβ(0)‖2 +
∫ t¯
t
(r˙β(τ))
2dτ ≤ C2, ∀β ∈ B.
Then ‖rβ(·)φn(·)‖rx n→∞−→ 0, uniformly with respet to β ∈ B. 
Proof.∣∣∣∣
∫ τ
0
rβ(t)φn(t)dt
∣∣∣∣ =
∣∣∣∣rβ(τ)
∫ τ
0
φn(t)dt−
∫ τ
0
r˙β(t)
∫ t
0
φn(θ)dθdt
∣∣∣∣ ≤
≤ C (1 + 2√τ) ‖φn(t)‖rc . 
5.2. Boundedness of solutions of fored 2D NS/Euler system. Con-
sider a set F of degenerate forings v(t, x) =
∑
k∈K1 vk(t)e
ik·x
; ♯K1 = d. We
identify these forings with vetor-funtions v(t) = (vk(t)) ∈ L∞([0, T ];Rd).
Fored 2D NS/Euler system is treated as an evolution equation in Hs, s ≥ 2.
An example of boundedness result, we are interested in, would be the fol-
lowing
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Lemma 5.3. Assume the set F of degenerate forings to be bounded in
the relaxation metri. Fix the time interval [0, T ] and the initial ondition
w(0) = w0 ∈ Hs, s ≥ 2 for the 2D NS/Euler system. Then the trajetories
wt of the system (4) fored by v(t, x) ∈ F are equibounded in H0 norm:
∃b : vrai sup
t∈[0,T ]
‖wt‖0 ≤ b. 
This result is not overed by lassial results on boundedness of solutions
of 2D NS/Euler system beause the set of forings an be bounded in the
relaxation metri while being unbounded in L∞ and L2 metri.
We will derive the previous result from a stronger assertion (Theorem 5.4).
To formulate the assertion onsider the primitives V (·) = ∫ ·0 v(τ)dτ of v(·) ∈
F. By assumptions of the Lemma 5.3 V (·) are equibounded in the metri of
C0([0, T ],Rd).
Denote the trigonometri polynomial
∑
k∈K1 Vk(t)e
ik·x
by Vt(x). The
fored (ontrolled) 2D Euler system an be written as
(12) ∂wt/∂t = (ut · ∇)wt + ν∆wt + ∂Vt/∂t.
Put yt = wt − Vt. The equation (12) an be rewritten as:
(13) ∂yt/∂t = (ut · ∇)(yt + Vt) + ν∆yt + ν∆Vt.
Reall that ut is the divergene-free solution of the equation ∇⊥ · ut =
wt = yt + Vt. It an be represented as a sum Yt + Vt, where Vt,Yt are the
divergene-free solutions of the equations ∇⊥ · Vt = Vt, ∇⊥ · Yt = yt, with
periodi boundary onditions.
Hene the equation (13) allows for the representation
∂yt/∂t = ((Yt + Vt) · ∇) (yt + Vt)(14)
= (Yt · ∇) yt + (Vt · ∇) yt + (Yt · ∇)Vt + ν∆yt + ν∆Vt + (Vt · ∇)Vt.
This equation an be seen as 2D NS/Euler equation fored by y-linear
foring term (Vt · ∇) yt+(Yt · ∇)Vt together with y-independent foring term
ν∆Vt + (Vt · ∇)Vt.
Consider instead of (14) a more general equation
(15) ∂yt/∂t = (Yt · ∇) yt +
(V1t · ∇) yt + (Yt · ∇)V 2t + ν∆yt + V 0t ,
where all the foring terms V 0t , V
1
t , V
2
t are now deoupled and V1t is the
divergene-free solution of the equation ∇⊥ · V1t = V 1t .
Consider the set FB of triples {(V 0t , V 1t , V 2t )} satisfying the ondition:
(16) sup
t∈[0,T ]
max{‖V 0t ‖, ‖V 1t ‖, ‖V 2t ‖} ≤ B, B > 0.
As far as V it are trigonometri polynomials (of xed order) in x the norms
‖ · ‖Hs are equivalent for all s, so one just uses the notation ‖ · ‖.
All the results of this Setion will be proven for the equation (15) and for
the forings from the set FB dened by (16).
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Remark 5.1. The equation (15) is "nonlasially fored" 2D NS/Euler equa-
tion. Remarks on existene and uniqueness results for its solutions an be
found in Appendix. 
Theorem 5.4. Let FB = {(V 0t , V 1t , V 2t )} be the set dened by (16). Fix the
time interval [0, T ] and the initial ondition y(0) = y0 ∈ Hs, s ≥ 2 for the
system (15) fored by the elements of FB. Then ∃b > 0 suh that for all
(V 0t , V
1
t , V
2
t ) ∈ FB and for the orresponding trajetories yt of the equation
(15) there holds:
(17) i) vrai sup
t∈[0,T ]
‖yt‖L∞ ≤ b;
(18) ii) vrai sup
t∈[0,T ]
‖yt‖H2 ≤ b;
(19) iii)
∫ T
0
∥∥∥∥ ∂∂tyt
∥∥∥∥
2
1
dt ≤ b. 
Remark 5.2. Obviously the onlusion of the Lemma 5.3 an be derived
from this theorem.
The proof of the Theorem 5.4 is to be found in the Appendix.
5.3. Continuous dependene of trajetories on relaxed forings. In
this subsetion we establish ontinuous dependene of trajetories of the
equation (15) on the foring terms V 1t , V
2
t , V
0
t , as these latter vary ontinu-
ously in the relaxation metri.
Theorem 5.5. Consider the set FB = {(V 0t , V 1t , V 2t )} dened by (16). Fix
the time interval [0, T ] and the initial ondition y(0) = y0 ∈ Hs, s ≥ 2 for
the system (15) fored by the elements of FB. Endow FB with the relaxation
metri and endow the spae of trajetories of the 2D NS/Euler equation with
L∞((0, T );H0)-metri. Then the restrition of the foring/trajetory map
onto FB is uniformly ontinuous. 
The proof of the Theorem 5.5 is to be found in Appendix.
6. Proof of ontrollability in observed omponent for 2D
NS/Euler system
We prove rst the result on solid ontrollability in observed omponent
(Theorem 4.1). The onstrution introdued in proof is used to establish
ontrollability in nite-dimensional projetion and L2-approximate ontrol-
lability.
First we slightly partiularize the assertion of the Theorem 4.1.
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Theorem 6.1. Let K1 be a set of ontrolled foring modes. Dene aording
to (11) the sequene of sets Kj , j = 2, . . . , and assume that, for some M ,
KM ⊃ Kobs.
Then for all suiently small T > 0 the 2D NS/Euler system is solidly
ontrollable in projetion on the observed omponent. Besides one an hoose
the orresponding family of ontrols v(·, b) (f. Denition 3.7) whih is pa-
rameterized ontinuously in L1-metri by a ompat subset BR of a nite-
dimensional linear spae and is uniformly (with respet to t, b) bounded:
∀t, b : ‖v(t, b)‖ ≤ A(T,R). .
The only additional restrition in the laim of the latter result is smallness
of time. To deal with large T we an apply zero ontrol on the interval
[0, T − θ] with θ small and then apply the result of the Theorem 6.1.
6.1. Sketh of the proof. By assumption the set Kobs of observed modes
is ontained in some KM , M ≥ 1, from the sequene dened by (11). We
will proeed by indution on M .
If M = 1 then K1 ⊃ Kobs, i.e. all the equations for the observed modes
ontain ontrols. Then it is easy to establish small time ontrollability in
observed omponent, given the fat that there are no a priori bounds on
ontrols (this is done in Subsetion 6.2).
Let M > 1, KM ⊃ Kobs ⊃ K1. We start ating as if independent ontrol
parameters enter all the equations indexed by k ∈ KM . Then we are under
previous assumption and hene an onstrut a needed family of ontrols.
Though the ontrol parameters indexed by k ∈ KM \K1 are titious and our
next step would be approximating the atuation of (some of) these titious
ontrols by atuation of ontrols of smaller dimension. Now we employ the
ontrols, whih only enter the equations indexed by k ∈ KM−1 ⊂ KM . The
possibility of suh approximation for 2D NS/Euler system (provided that the
relation between KM−1 and KM is established by (11)) is the main element
of our onstrution.
If M − 1 > 1, then the approximating ontrols are also titious, but we
an repeat the reasoning in order to arrive after M − 1 steps to true ontrols
indexed by K1.
We an look at the proess the other way around. Starting with a (spe-
ially hosen) family of degenerate ontrols in low modes, indexed by K1 we
transfer their atuation to the higher modes via the nonlinear term of 2D
NS/Euler system.
6.2. Proof of the Theorem 6.1: rst indution step. The rst indu-
tion step (M = 1) follows from the following Lemma.
Lemma 6.2. Let M = 1, and K1 = Kobs. The 2D NS/Euler system is split
in the subsystems (8) and (10), whih an be written in a onise form as
dq1/dt = f1(q
1, Q) + v, dQ/dt = F (q1, Q)(20)
q1(0) = q10 , Q(0) = Q0,
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dim q1 = N . Then for suiently small τ > 0: there exists a family of
ontrols v(t; b) whih satises the onlusion of the Theorem 6.1. 
Proof. Without lak of generality we may assume the initial ondition for
the observed omponent to be q1(0) = 0Rκ1 . We do not diminish generality
either by assuming K1 = Kobs instead of K1 ⊇ Kobs. Reall that Π1 :
(q1, Q)→ q1.
Dene for y ∈ RN , ‖y‖l1 =
∑N
j=1 |yi|. Let CR = {y ∈ RN | ‖y‖l1 ≤ R}.
Fix γ > 1. Take the interval [0, τ ]; the value of small τ > 0 will be
speied later on. For eah b ∈ γCR take v(t; p, τ) = τ−1p - a onstant
ontrol. Obviously γCR ⊃ CR and
∫ τ
0 v(t; p, τ)dt = p. For xed τ > 0 the
map p 7→ v(t; p, τ) is ontinuous in L1-metri.
We laim that ∃τ0 > 0 suh that for τ ∈ (0, τ0) the family of ontrols
v(t; p, τ), p ∈ γCR satises the onlusion of the Lemma, so one may take
b = p, BR = γCR.
Denote for xed τ > 0 the map
p 7→ v(·; p, τ) 7→ (Π1 ◦ F/Oτ ) (v(·; p, τ))
by Φ(p; τ). Reall that Π1 ◦ F/Oτ is the end-point omponent map (f.
Denition 3.5). The map p 7→ v(·; p, τ) is ontinuous in L1-metri of ontrols
and hene also in the relaxation metri. Therefore by Theorem 5.5 the map
p 7→ Φ(p; τ) is ontinuous.
Restrit the equations (20) to the interval [0, τ ] and proeed with time
substitution t = τξ, ξ ∈ [0, 1]. The equations take form:
(21) dq1/dξ = τf1(q
1, Q) + p, dQ/dξ = τF (q1, Q), ξ ∈ [0, 1].
For τ = 0 the 'limit system' of (21) is
(22) dq10/dξ = p, dQ0/dξ = 0, ξ ∈ [0, 1].
The end-point omponent map p 7→ q10(1) for the limit system is the
identity.
From lassial results on boundedness of solutions of 2D NS/Euler system
we onlude that q1-omponents of the solutions of the systems (21) and
(22) (with the same initial ondition) deviate by a quantity ≤ Cτ , where the
onstant C an be hosen independent of p, τ for suiently small τ > 0.
Then ‖Φ(·; τ) − Id‖ ≤ Cτ . By degree theory argument there exists τ0 suh
that ∀τ ∈ (0, τ0) the image of p 7→ Φ(p; τ) overs CR solidly.
To omplete the proof note that ‖v(t; p, τ)‖ are uniformly bounded by
γRτ−1. 
In what follows we will need a modiation of the previous Lemma.
Lemma 6.3. Consider the system (20) and impose the boundary onditions
q1(0) = φ(p), q1(τ) = ψ(p), p ∈ P, P - ompat, φ, ψ - ontinuous,
on its q1-omponent.
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Then for all suiently small τ > 0, there exists a family of ontrols
v(t; p, τ) dened on [0, τ ], suh that the orresponding trajetories, whih
meet the initial ondition, meet the end-point ondition approximately:
‖q1(τ ; p)− ψ(p)‖ ≤ Cτ.
Besides ‖Q(t)−Q0‖0 ≤ γCτ, ∀t ∈ [0, τ ]. Here C an be hosen independent
on p, τ. 
The proof is similar to the previous one. One an hoose the family of
ontrols v(t, p) = τ−1(ψ(p)− φ(p)), t ∈ [0, τ ].
6.3. Generi indution step: solid ontrollability by extended on-
trols. Let us proeed further with the indution. Assume that the statement
of the Theorem 6.1 has been proven for all M ≤ (N − 1); we are going to
prove it for M = N .
Consider now the system (8)-(9)-(10) with the extended set K1e = K2 of
ontrolled foring modes; K1e ⊇ K1.
Obviously this new system satises the onditions of the Theorem 6.1;
indeed
K1e = K2 ⇒ Kje = Kj+1, j ≥ 1,
for the sets Kje,Kj , dened by (11). Hene KM−1e = KM ⊇ Kobs.
By indution hypothesis the system with extended ontrols is solidly on-
trollable in observed projetion: there exists a ontinuous in L1-metri family
of extended ontrols v(t; b) whih satises the onlusion of the Theorem 6.1.
This family of ontrols is uniformly bounded; assume that ‖v(t; b)‖l1 ≤
A, ∀b ∈ B, ∀t ∈ [0, T ]. The values of v(t; b) belong to Rκ2 , where κ2 =
#K2 = K1e .
Evidently these extended ontrols are unavailable for the original problem.
We are going to approximate their ation by the ation ontrols from a more
restrited set.
To this end let us rst take the vetors e1, . . . , ek2 from the standard basis
in R
k2
together with their opposites −e1, . . . ,−ek2 . Multiply eah of these
vetors by A and denote the set of these 2κ2 vetors by E
A
2 . The onvex hull
onvEA2 of E
A
2 ontains all the values of v(t; b).
First we will approximate the family of funtions v(t; b) whih take their
values in onvEA2 by E
A
2 -valued funtions. Suh a possibility is a entral
result of relaxation theory.
Denition 6.4. Dene δ-pseudometri ρδ in the spae L
∞ ([0, T ],Rκ) of
measurable funtions as:
ρδ
(
u1(·), u2(·)) = meas{t ∈ [0, T ] | u1(t) 6= u2(t)}.
Identifying the funtions, whih oinide beyond a set of zero measure, we
arrive to δ-metri. 
Remark 6.1. The δ-metri is a restrition of strong metri of relaxed on-
trols (see [16℄) onto the set of ordinary (=nonrelaxed) ontrols. 
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We will apply R.V.Gamkrelidze Approximation Lemma (see [16, Ch.3℄,[15,
p.119℄). Aording to it given a δ-ontinuous family of onv E2-valued fun-
tions and ε > 0 one an onstrut a δ-ontinuous family of E2-valued fun-
tions whih ε-approximates the family {v(t; b)|b ∈ B} in the relaxation met-
ri uniformly with respet to b ∈ B. Moreover the funtions of the family
an be hosen pieewise-onstant and the number L of the intervals of on-
stany an be hosen the same for all b ∈ B. Atually the Approximation
Lemma in [16, Ch.3℄ regards relaxed ontrols (Young measures). Applying
it to nonrelaxed ontrols v(·; b) we arrive to the following result.
Proposition 6.5. (f. Approximation Lemma; [16, Ch.3℄). Let B be a om-
pat and {v(t; b)|b ∈ B} be a family of (onv EA2 )-valued funtions, whih
depends on b ∈ B ontinuously in L1 metri. Then for eah ε > 0 one
an onstrut a δ-ontinuous (and hene L1-ontinuous) equibounded fam-
ily {z(t; b)| b ∈ B} of EA2 -valued funtions whih ε-approximates the family
{v(t; b)|b ∈ B} in the relaxation metri uniformly with respet to b ∈ B.
Moreover the funtions z(t; b) an be hosen pieewise-onstant and the num-
ber L of the intervals of onstany an be hosen the same for all b ∈ B. The
intervals of onstany of these ontrols vary ontinuously with b ∈ B 
We omit the proof, whih is a slight variation of the proof in [16, Ch.3℄.
Applying this result to our ase we onstrut a δ-ontinuous family of EA2 -
valued funtions {z(t; b)| b ∈ B} whih approximates the family {v(t; b)| b ∈
B} uniformly in the relaxation metri. Aording to the Theorem 5.5 the
end-point map F/OT is ontinuous in the relaxation metri. Therefore we
onlude with the following result.
Proposition 6.6. There exist a number L and an L1-ontinuous family
of pieewise-onstant EA2 -valued ontrols {z(t; b)| b ∈ B} (with at most L
intervals of onstany) suh that the redued system is solidly ontrollable by
means of this family. 
6.4. Generi indution step: solid ontrollability of the original sys-
tem. Let us ompare the original system (8)-(9)-(10) with the system driven
by the EA2 -valued ontrols {z(t; b)| b ∈ B} onstruted in the Proposition 6.6.
In both systems the equations for the oordinates qk, indexed by k ∈ K1
oinide:
(23) q˙k =
∑
m+n=k
(m ∧ n)|m|−2qmqn − ν|k|2qk + vk, k ∈ K1.
We ollet these oordinates into the vetor denoted by q1.
In the original system the equations for the variables qk, k ∈
(K2 \ K1)
are 'unontrolled':
(24) q˙k =
∑
m+n=k
(m ∧ n)|m|−2qmqn − ν|k|2qk, k ∈
(K2 \ K1) .
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They dier from the orresponding equations of the system with extended
ontrols, whih are:
(25) q˙k =
∑
m+n=k
(m ∧ n)|m|−2qmqn − ν|k|2qk + zk, k ∈
(K2 \ K1) .
We ollet qk, k ∈
(K2 \ K1) into the vetor denoted by q2 and denote
q = (q1, q2).
Finally the equation for the innite-dimensional omponent Qt, whih
ollets the higher modes eik·x, k 6∈ K2, does not ontain ontrols and is the
same in both systems. It sues for our goals to write this equation in a
onise form as:
(26) Q˙ = h(q,Q).
Aording to the Proposition 6.6 we manage to ontrol our system solidly
by means of extended EA2 -valued pieewise-onstant ontrols z(t; b). By
Proposition 6.5 the intervals of onstany vary ontinuously with b ∈ B.
Our task now is to design a family of "small-dimensional" ontrols x(t; b) for
the equations (23)-(24)-(26), suh that the maps
b 7→ z(·; b) 7→ (Πobs◦F/Oτ ) (z(·; b)) and b 7→ x(·; b) 7→ (Πobs◦F/Oτ ) (x(·; b))
are C0-lose.
If on some interval of onstany T ∈ [t, t¯] the value of z(t; b) equals ±Aek
with k ∈ K1, then we just take the ontrol x(t; b) in (23) oiniding with
z(·; b) on this interval.
The real problem arises when on some interval of onstany z(t; b) takes
value ±Aek¯ with k¯ ∈
(K2 \ K1). There are no ontrols available in the
orresponding equation (24) for qk¯ and we will "aet" the evolution of qk¯
via the variables qm, m ∈ K1 whih enter this equation.
More exatly the onstrution of the ontrols x(t; b, ω) on the intervals of
onstany of z(t; b) goes as follows:
1) on an interval [t, t¯] of the rst kind, where z(t; b) = ek with k ∈ K1 we
take x(t; b, ω) = z(t; b);
2) on an interval [t, t¯] of the seond kind, where z(t; b) = A(b)ek with
k ∈ K2 \ K1, pik a pair m,n ∈ K1 suh that
m ∧ n 6= 0, |m| 6= |n|, m+ n = k,
suh pair exists by the denition of K2 (see (11)); hoose Am(b), An(b) ∈ R
satisfying
(27) |Am(b)| = |An(b)|
∧
Am(b)An(b)(m ∧ n)(|m|−2 − |n|−2) = 2A(b).
and take
xm(t; b, ω) = Am(b)ω cosωt, xn(t; b, ω) = An(b)ω cosωt,
hoosing other omponents xj(t; b, ω) equal to 0.
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It is easy to see that the primitives X(t; b, ω) =
∫ t
0 x(s; b, ω)ds are bounded
by a onstant whih an be hosen independent of b and ω. BesidesX(T ; b, ω)
varies ontinuously with b (for xed ω).
Consider two trajetories wb,ωt , w¯t, t ∈ [0, T ], whih are driven by the
ontrols x(t; b, ω) and z(t; b) orrespondingly. We will prove that wb,ωt and
w¯t math asymptotially (as ω →∞) in all the omponents but q1. Let Π1
be the projetion onto the spae of modes {eim·x| m ∈ K1}, while Π⊥1 be the
projetion onto its orthogonal omplement.
Proposition 6.7. i) The trajetories wb,ωt are equibounded:
∃C : ‖wb,ωt ‖0 ≤ C, ∀t ∈ [0, T ], b ∈ B, ω > 0;
ii) For xed ω > 0 the dependene b 7→ wb,ωt on b is ontinuous in C0[0, T ]-
metri of the ontrols;
iii) For any ε > 0 there exists δ > 0 and ω0 suh that if ω > ω0 and
‖wb,ω|t=0 − w¯|t=0‖0 ≤ δ, then ∀t ∈ [0, T ] : ‖Π⊥1
(
wb,ωt − w¯t
)
‖0 ≤ ε. 
Assuming the laim of this Proposition (whih is proven in the Appendix)
to hold true let us omplete the indution.
By assumption the system (23)-(25)-(26) is solidly ontrollable in observed
omponent by means of the family of extended ontrols z(t; b), i.e. the map
b 7→ (Πobs ◦ F/T T ) (z(t; b)) overs solidly the ube CR in Πobs(H2). A-
ording to the Proposition 6.7 all the omponents, but q1, of the trajetories
driven by x(t; b, ω0) math up to arbitrarily small ε, provided ω is suiently
large. For xed ω the ontrols x(t; b, ω) depend ontinuously (in L1-metri)
on b ∈ B.
By the degree theory argument we may onlude that for large ω the map
b 7→
(
Π⊥1 ◦ Πobs ◦ F/T T
)
(x(t; b, ω))
overs solidly the set Π⊥1 (CR).
Still the map b 7→ (Π1 ◦F/T T )(x(t; b, ω)) does not neessarily math with
b 7→ (Π1 ◦ F/T T )(z(t; b)). We have to settle the q1-omponent.
Considering q1(t;ω, b) and evaluating it at T we observe that aording
to the Proposition 6.7 the values q1(T ;ω, b) are equibounded for all b, ω and
for xed ω > 0 the dependene b→ q1(T ;ω, b) is ontinuous. Put
φ(b) = q1(T ;ω, b), ψ(b) = (Π1 ◦ F/T T ) (z(t; b)).
We an apply Lemma 6.3 for onstruting ontrols x(t; b, ω) dened on an
arbitrarily small interval [T, T + τ ] suh that
‖q1(T + τ ; b)− ψ(b)‖ = O(τ),
‖(Π⊥1 ◦ F/T T+τ )(x(t;ω)) − (Π⊥1 ◦ F/T T )(z(t; b))‖ = O(τ), as τ → 0.
Then hoosing τ > 0 suiently small we prove that the maps
b 7→ (Πobs ◦ F/T T )(z(t; b)) and b 7→ (Πobs ◦ F/T T+τ )(x(t; b, ω))
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are lose in C0-metri and therefore by the degree theory argument the last
map overs solidly the ube CR. It means that the system is time-(T + τ)
solidly ontrollable. 
6.5. Proof of the Proposition 6.7. We proeed by indution on a uni-
formly (with respet to b ∈ B) bounded number of the intervals of onstany
of ontrols z(·; b). Sine on the intervals of the rst kind the ontrols z(·; b)
and x(·; b) oinide it sues to onsider one interval [t, t¯] of the seond kind.
We may think that [t, t¯] = [0, T ].
Introdue the primitive V ωt (b) =
∫ t
0 x(τ ;ω, b)dτ of the ontrol x(·; b, ω).
The 2D NS/Euler system an be written as
∂wωt /∂t = (u
ω
t · ∇)wωt + ν∆wωt + ∂V ωt /∂t.
Introdue yωt = w
ω
t −V ωt . Notie that yωt and wωt dier only in K1-indexed
modes, i.e. Π⊥1 y
ω
t = Π
⊥
1 w
ω
t . The equation for y
ω
t is:
(28) ∂yωt /∂t = (u
ω
t · ∇)(yωt + V ωt ) + ν∆(yωt + V ωt ) .
The funtion uωt an be represented as a sum Yωt + Vωt , where Vωt ,Yωt are
the divergene-free solutions of the equations: ∇⊥ · Vωt = V ωt , ∇⊥ ·Yωt = yωt ,
under periodi boundary onditions.
Hene the equation (28) allows for the representation
∂yωt /∂t = ((Yωt + Vωt ) · ∇) (yωt + V ωt ) + ν∆(yωt + V ωt ) = (Yωt · ∇) yωt +
+(Vωt · ∇) yωt + (Yωt · ∇)V ωt + ν∆yωt + ν∆V ωt + (Vωt · ∇)V ωt .
Denote eiℓ·x by eℓ; then V
ω
t = (Amem + Amen) sinωt. Obviously Vωt =
(AmVm +AnVn) sinωt.
On an interval of the seond kind the equation for w¯t, driven by the
onstant ontrol z(t; b), is:
∂tw¯t =
(W¯t · ∇) w¯t + ν∆w¯t +Aem+n, m, n ∈ K1,
where W¯t is the divergene-free solution of the equation ∇⊥ · W¯t = w¯t under
periodi boundary onditions.
Introduing the notation ηωt = y
ω
t − w¯t, we obtain for ηωt the equations:
∂tη
ω
t = ((Wωt + Vωt ) · ∇) yωt −
(W¯t · ∇) w¯t+ν∆ηωt +((Vωt · ∇)V ωt −Aem+n) .
Subtrating and adding ((Wωt + Vωt ) · ∇) w¯t to the right-hand side of the
latter equation we transform it into
∂tη
ω
t = (Hωt · ∇) ηωt +
((W¯t + Vωt ) · ∇) ηωt + ((Hωt + Vωt ) · ∇) w¯t +
+ν∆ηωt + ((Vωt · ∇)V ωt −Aem+n) ,(29)
where Hωt is the divergene-free solution of the equation ∇⊥ · Hωt = ηωt .
By onstrution V ωt ,Vωt , ((Vωt · ∇)V ωt −Aem+n) onverge to 0 in relax-
ation metri, as ω → +∞. By the ontinuity result (Theorem 5.5) trajeto-
ries of (29) onverge in C0 to the trajetories of the equation
(30) ∂tηt =
((Ht + W¯t) · ∇) ηt + (Ht · ∇) w¯t + ν∆ηt,
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as ω → +∞,
To estimate the evolution of ‖ηt‖0 by virtue of (30) we multiply both parts
of (30) by ηt in H0. Integrating the resulting equality on [0, τ ] and observing
that 〈((W¯t +Ht) · ∇) ηt, ηt〉 = 0 we onlude
1
2
‖ητ‖20 + ν
∫ τ
0
‖ηt‖21dt =
1
2
‖η0‖20 +
∫ τ
0
〈(Ht · ∇) w¯t, ηt〉dt.
The summand 〈(Ht · ∇) w¯t, ηt〉 an be estimated as in the Setion 5.3:
|〈(Ht · ∇) w¯t, ηt〉| ≤ C‖Ht‖1‖∇w¯t‖1‖ηt‖0 ≤ C‖∇w¯t‖1‖ηt‖20.
One onludes ‖∇w¯t‖1 ≤ c′‖w¯t‖2, while ‖w¯t‖2 are equibounded aording
to the Proposition 5.4.
Thus we get
1
2
‖ητ‖20 ≤
1
2
‖η0‖20 + c
∫ τ
0
‖ηt‖20dt,
and by appliation of Gronwall inequality we onlude
1
2
‖ητ‖20 ≤
1
2
‖η0‖20ecT . 
7. Proof of the Theorem 4.3
The proof of the result regarding L2-approximate ontrollability (Theo-
rem 4.4) for 2D NS system an be found in [7℄; it holds also for 2D Euler
system. Here we provide a proof of the Theorem 4.3, whih regards ontrol-
lability in nite-dimensional projetion. Following the steps of our proof the
readers an reover the proof of Theorem 4.4.
Let L be a ℓ-dimensional subspae of H2 and ΠL be L2-orthogonal proje-
tion ofH2 onto L. We start with onstruting a nite-dimensional oordinate
subspae whih is projeted by ΠL onto L.
To nd one it sues to pik a (dimL) × (dimL)-sub-matrix, from the
(dimL)×∞ matrix whih is a oordinate representation of ΠL. We look for
more: for eah ε > 0 we would like to nd a nite-dimensional oordinate
subspae, whih ontains an ℓ-dimensional (non-ordinate) subsubspae Lε,
whih is ε-lose to L. The latter means that not only ΠLLε = L but also
ΠL|Lε is ε-lose to the identity operator.
To ahieve this we hoose an orthonormal basis e1, . . . , eℓ in L and takes
for eah ei its nite-dimensional omponent (trunation) e¯i whih is ε-lose
to ei. All e¯i belong to some nite-dimensional oordinate subspae S of H2;
whih reunites modes indexed by some symmetri set S ⊂ Z2. Let ΠS be
L2-orthogonal projetion of H2 onto S. The subspae S together with the
subsubspae Lε spanned by e¯1, . . . , e¯ℓ are the ones we looked for. Indeed
‖ΠLe¯i − e¯i‖ = ‖
ℓ∑
j=1
〈e¯i, ej〉ej − e¯i‖ ≤
ℓ∑
j=1
|〈e¯i − ei, ej〉|+ ‖ei − e¯i‖ ≤ (ℓ+ 1)ε.
Without lak of generality we may assume that ‖ΠS(ϕ˜)− ϕ˜‖0 ≤ ε.
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The set K1 of ontrolled modes is saturating, i.e. for Kj dened by (11),
KM ⊇ S for some M . This means that the system is solidly ontrollable in
the observed omponent qS .
In the proof of the Theorem 4.1 (Setion 6) we started with a "full-di-
mensional" set of ontrolled modes indexed by KM and then onstruted
suessively ontrols whih only enter the equations for the modes indexed
by KM−1, . . . ,K1.
Assume that we are at the rst indution step under the onditions of the
Lemma 6.2, i.e. that all the oordinates of the omponent qS are ontrolled.
Following Lemma 6.2 let us onstrut a family of ontrols whih steers the qS-
omponents of the orresponding trajetories wt from ΠS(ϕ˜) to the points
of the "ball" CR in S. We an onstrut these ontrols to atuate on an
interval of arbitrarily small length τ > 0. Denoting by Q. the omponent of
wt's whih is orthogonal to q
s
we an onlude from (21) and (22):
‖Qt‖0 ≤ ‖Q0‖0 + Cτ, t ∈ [0, τ ],
for some onstant C > 0.
Reall that ‖Q0‖0 = ‖ΠS(ϕ˜) − ϕ˜‖0 ≤ ε. Choosing τ ≤ ε/C, we onlude
‖Qt‖0 ≤ 2ε, ∀t ∈ [0, τ ].
Let us hek what happens with the omponent Q· at generi indution
step of the proof of the Theorem 6.1. At the rst stage of eah step (Sub-
setion 6.3) we apply the Approximation Lemma (Proposition 6.5). At this
stage the trajetories are approximated up to arbitrary small (uniformly for
t ∈ [0, τ ]) error δ > 0. We an hoose δ ≤ ε/(2M).
At the seond stage of eah indution step (Subsetion 6.4) the omponent
Q· (whih belongs to the image of the projetion Π2) suers arbitrarily small
alteration. We an make it (uniformly for t ∈ [0, τ ]) smaller than ε/(2M).
Therefore at eah indution step the omponent Q· suers alteration by
value ≤ ε/M ; total alteration is ≤ ε. Hene after the indution proedure
‖Qτ‖0 ≤ 2ε+ ε = 3ε.
As a result we onstruted a family of ontrols x(·; b) suh that the map
b 7→ ΠS ◦ F/T T )(x(t; b)) overs solidly the ball CR in S. Besides ‖(Π⊥S ◦
F/T T )(x(t; b))‖ ≤ 3ε. If ε > 0 is suiently small, then by onstrution of
S the map b 7→ ΠL ◦ΠS ◦ F/T T )(x(t; b)) overs the set CR/2 ∩ L. 
8. Appendix
8.1. Non-lassially fored 2D Euler equation: existene and unique-
ness of solutions. We outline the proof whih is a modiation of the proof
of the existene and uniqueness theorem for 2D Euler equation to be found
in [19℄. Reall that the original proof of existene and uniqueness of lassial
solutions has been aomplished by W.Wolibner in [23℄.
Consider the nonlassially fored equation (15) with ν = 0:
∂yt/∂t = (Yt · ∇) yt +
(V1t · ∇) yt + (Yt · ∇)V 2t + V 0t ,
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where V jt (j = 0, 1, 2) are trigonometri polynomials and V1t and Yt are
divergene-free solutions of the equations
∇⊥ · V1t = V jt , ∇⊥ · Yt = yt,
under periodi boundary onditions.
Following the approah of [19℄ let us introdue a map ξ· 7→ Φ(ξ) = η·
whih is dened by means of the linear dierential equations
∇⊥ · ζt = ξt,
∂ηt/∂t = (ζt · ∇) ηt +
(V1t · ∇) ηt + (ζt · ∇)V 2t + V 0t .
It is easy to see that xed points of the map Φ orrespond to lassial solu-
tions of the equation (15).
Choosing an appropriate set Ω of Hölderian (of exponent δ ∈ (0, 1)) with
respet to time and spae variables) funtions with L
(x)
∞ -norms bounded by a
onstant, one is able to establish, as in [19℄, that Φ maps Ω in itself. Besides
S is ompat onvex subset of C0 and existene of xed point is derived from
Shauder theorem.
Analysis of the proof shows that the equiboundedness of the L
(x)
∞ -norms
of V jt guarantee equiboundedness of the L
(x)
∞ -norms of the orresponding
solutions of (15). This will prove the statement i) of the Proposition 5.4.
8.2. Fored 2D NS equation: existene, uniqueness and bounded-
ness of solutions. The existene of solutions from L∞ ([0, t];H2) for the
nonlassially fored NS equation (15) an be established in the same way
as for lassially fored NS equation, for example by energy estimates for
Galerkin approximations.
In the same lassial way we prove the boundedness of ‖yt‖2, and of∫ T
0 ‖ ddtyt‖21dt i.e. the estimates (18) and (19). The boundedness of L
(x)
∞ -
norms (the estimate (17)) follows then from Sobolev inequality (see [1℄).
8.3. Proof of the Theorem 5.4: equiboundedness of solutions for
2D Euler equation. For the nonlassially fored 2D Euler equation the
L
(x)
∞ -equiboundedness of solutions (Theorem 5.4; item i)) omes with the
proof of existene (see Subsetion 8.1).
To prove the statement ii) of the Theorem 5.4 we observe rst that uniform
(in t) L∞-equiboundedness of yt implies their uniform (in t) H0-equiboun-
dedness. To arrive to the onlusion of the assertion ii) let us dierentiate
both sides of the equation (15), say, with respet to xi. Abbreviating ∂/∂xi
to ∂i we get:
∂
∂t
(∂iyt) =
((Yt + V1t ) · ∇) (∂iyt) + ((∂i (Yt + V1t )) · ∇) yt +
+((∂iYt) · ∇)V 2t + (Yt · ∇) (∂iV 2t ) + ∂iV 0t .
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Multiplying both sides of the latter equality by ∂iyt in H0 we obtain
1
2
∂
∂t
‖∂iyt‖20 =
=
〈((Yt + V1t ) · ∇) ∂iyt, ∂iyt〉+ 〈((∂i (Yt + V1t )) · ∇) yt, ∂iyt〉
+〈(∂iYt · ∇)V 2t , ∂iyt〉+ 〈(Yt · ∇) ∂iV 2t , ∂iyt〉+ 〈∂iV 0t , ∂iyt〉.(31)
At the right-hand side of (31) the summand
〈((Yt + V1t ) · ∇) (∂iyt), ∂iyt〉
is known to vanish, while the summand 〈((∂i (Yt + V1t )) · ∇) yt, ∂iyt〉 admits
an upper estimate:
〈((
∂i
(Yt + V1t )) · ∇) yt, ∂iyt〉 ≤
≤ C ∥∥∂i (Yt + V1t )∥∥L∞ ‖∇yt‖L2‖∂iyt‖L2 ≤(32)
≤ C ′ ∥∥(∂i (Yt + V1t ))∥∥L∞ ‖yt‖2H1 .
Evidently ‖((∂iYt) ‖L∞ ≤ c‖yt‖L∞ and sine, by virtue of i), ‖yt‖L∞ are
bounded, then the upper estimate (32) an be hanged to
〈(∂i (Yt + V1t ) · ∇) yt, ∂iyt〉 ≤ C ′′‖yt‖2H1 .
The summand 〈(∂iYt · ∇)V 2t , ∂iyt〉 an be estimated from above by
a‖∂iYt‖L2‖∇V 2t ‖L∞‖∂iyt‖L2 .
As long as V 2t is trigonometri polynomial in x we an hange the latter
estimate to a′‖yt‖2H1 . A similar upper estimate is valid for the summand
〈(Yt · ∇) (∂iV 2t ), ∂iyt〉.
Finally 〈∂iV 0t , ∂iyt〉 admits an upper estimate
α
(‖∂iV 0t ‖2L2 + ‖∂iyt‖2L2) ≤ α′ + α′′‖yt‖2H1 .
Then we ome to the dierential inequality for ‖yt‖2H1 denoted for brevity
by ‖yt‖21:
∂
∂t
‖yt‖21 ≤ c′ + c‖yt‖21,
wherefrom by the appliation of the Gronwall inequality we onlude
‖yt‖21 ≤ ‖y0‖21ect + (c′/c)(ect − 1),
and onsequently supt∈[0,T ] ‖yt‖1 ≤ b for some b > 0.
To arrive to the estimate (18) for ‖yt‖2 (given that the initial value y0
belongs to H2) we have to derivate (31) with respet to xj , arriving to a
dierential equation for ∂j∂iy. Multiplying both parts of this equation by
∂j∂iy we obtain
∂
∂t
‖∂j∂iy‖20 = 〈
((Yt + V1t ) · ∇)∂j∂iyt), ∂j∂iyt〉+ · · · .
The rst term at the right-hand side vanishes and then the needed estimate
for ‖yt‖22 is derived from the estimate for ‖yt‖21 by appliation of Young and
Gronwall inequalities.
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The integral estimate iii) and even a stronger "pointwise" estimate for∥∥ ∂
∂t(∂iyt)
∥∥
an be onluded from (31). Indeed∥∥∥∥ ∂∂t(∂iyt)
∥∥∥∥ ≤ C (‖Yt + V1t ‖L∞‖∇∂iyt‖+ ‖∂i (Yt + V1t ) ‖L∞‖∇yt‖)+
+C1‖yt‖1 + c2 ≤ C ′(1 + ‖yt‖0)‖yt‖2 + c′2.
8.4. Continuity with respet to relaxation metri: proof of the
Theorem 5.5. Pik an element (V¯ 0t , V¯
1
t , V¯
2
t ) from FB and denote by y¯t
the solution of the equation
(33) ∂ty¯t =
(Y¯t · ∇) y¯t + (V¯1t · ∇) y¯t + (Y¯t · ∇) V¯ 2t + ν∆y¯t + V¯ 0t .
Let yt be a solution of the "perturbed" equation
∂tyt = (Yt · ∇) yt +
((V¯1t + V1t ) · ∇) yt + (Yt · ∇) (V¯ 2t + V 2t )+(34)
+ν∆yt + V¯
0
t + V
0
t .
Reall that V¯1t is the divergene-free solution of the equation: ∇⊥V¯1t = V¯1t .
Subtrating (33) from (34) and introduing the notation
ηt = yt − y¯t, Ht = Yt − Y¯t,
we obtain the equation for ηt:
∂tηt = (Yt · ∇) ηt + (Ht · ∇) y¯t +
((V¯1t + V1t ) · ∇) ηt + (V1t · ∇) y¯t +
+(Yt · ∇)V 2t + (Ht · ∇) V¯ 2t + ν∆ηt + V 0t .(35)
We would like to evaluate ‖η‖0; to this end we multiply in H0 both sides
of (35) by ηt. At the right-hand side we obtain
1
2∂t‖ηt‖20, while at the right-
hand side the terms 〈(Yt · ∇) ηt, ηt〉 and 〈
((V¯1t + V1t ) · ∇) ηt, ηt〉 both vanish.
Taking into aount that 〈∆ηt, ηt〉 ≤ 0 at the right-hand side, we arrive to
the inequality:
1
2
∂t‖ηt‖20 ≤ 〈(Ht · ∇)
(
y¯t + V¯
2
t
)
, ηt〉+
+〈(V1t · ∇) y¯t, ηt〉+ 〈(Yt · ∇)V 2t , ηt〉+ 〈V 0t , ηt〉.
Hene
1
2
‖ητ‖20 ≤
1
2
‖η0‖20 +
∫ τ
0
〈(Ht · ∇)
(
y¯t + V¯
2
t
)
, ηt〉dt+(36)
+
∫ τ
0
(〈(V1t · ∇) y¯t, ηt〉+ 〈(Yt · ∇)V 2t , ηt〉+ 〈V 0t , ηt〉) dt.
What for the rst integrand in the right-hand side, then∣∣〈(Ht · ∇) (y¯t + V¯ 2t ) , ηt〉∣∣ ≤
≤ c‖Ht‖1‖∇
(
y¯t + V¯
2
t
) ‖1‖ηt‖0 ≤ c′‖y¯t + V¯ 2t ‖2‖ηt‖20.
As long as V¯ 2t are trigonometri polynomials with uniformly bounded
oeients and aording to Theorem 5.4 ‖y¯t‖2 are equibounded, then the
latter estimate an be hanged to c′′‖ηt‖20.
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All terms of the seond integrand at the right-hand side of (36) ontain
"fators" V 0t , V
1
t , V
2
t whih are small in relaxation metri. To estimate this
integral one an use Lemma 5.2. Its assumptions are veried as far as the
values ∫ T
0
∥∥∥∥ ddt∂i(y¯t)j
∥∥∥∥
2
0
dt,
∫ T
0
‖η˙t‖20 dt,
∫ T
0
‖y˙t‖20 dt
are equibounded. Say, the value of the integral
∫ τ
0
(〈(V1t · ∇) y¯t, ηt〉 dt is
small, beause V1t is small in relaxation norm, and
∫ T
0
(
d
dt (∂i(y¯t)j(ηt)j)
)2
dt
are bounded.
For any δ > 0 we an take V 0t , V
1
t , V
2
t suiently small in relaxation
metri, in suh a way that (36) implies
1
2
‖ητ‖20 ≤
1
2
‖η0‖20 + c′′
∫ τ
0
‖ηt‖20dt+ δ.
Then the smallness of ‖ηt‖0 is onluded by appliation of the Gronwall
inequality. 
Referenes
[1℄ Adams R.A., J.J.F. Fournier, Sobolev Spaes, 2nd Edition, Aademi Press, 2003.
[2℄ Agrahev A.A., R.V.Gamkrelidze, Exponential representation of ows and
hronologial alulus, Math. USSR Sbornik, 35(1979), 727-785.
[3℄ Agrahev A.A., Yu.L.Sahkov, Letures on Geometri Control Theory, Springer-
Verlag, 2004.
[4℄ Agrahev A.A., A.V.Saryhev, On redution of smooth ontrol system, Math.
USSR Sbornik, 58(1987), 15-30.
[5℄ Agrahev A.A., A.V.Saryhev, Navier-Stokes Equation Controlled by Degener-
ate Foring: Controllability of Finite-Dimensional Approximations, In Pro. of
Intern. Conf. 'Physis and Control 2003, S.Petersburg, Russia, August 20-22,
2003, CD ROM, 1346-1351.
[6℄ Agrahev A.A., A.V.Saryhev, Controllability of the Navier-Stokes Equation
by Few Low Modes Foring, Doklady of Russian Aademy of Sienes, v.394,
N.6, 2004. English translation in: Doklady Mathematial Sienes, v. 69,
N.1/2,2004,pp.112-115.
[7℄ Agrahev A.A., A.V.Saryhev, Navier-Stokes Equations: Controllability by
Means of Low Modes Foring, J. of Mathematial Fluid Mehanis, 7(2005),
pp.108-152.
[8℄ Babin A.V., M.I. Vishik, Attrators of Evolution Equations, North Holland, 1992.
[9℄ Constantin P., C.Foias, Navier-Stokes equations, The University of Chiago
Press, 1989.
[10℄ Coron J.-M., Return method: some appliations to ow ontrol, In "Mathemat-
ial Control Theory", ICTP Leture Notes Series Volume VIII -Parts 1 & 2,
2002.
[11℄ Ebin D.G., J. Marsden, Groups of dieomorphisms and the motion of inom-
pressible uid, Annals of Mathematis, 92(1970)102-163.
[12℄ Fursikov A.V., Optimal Control of Distributed Systems. Theory and Appliations,
AMS, Providene, 2000.
[13℄ Fursikov A.V., O.Yu. Imanuilov, Exat ontrollability of the Navier-Stokes and
Boussinesq equations, Russian Mathematial Surveys, 54(1999), Number 3,565-
618.
Controllability of 2D Euler and NS Equations by 4 Modes Foring 25
[14℄ Gallavotti G., Foundations of Fluid Mehanis, Springer Verlag, Berlin, Heidel-
berg, 2002.
[15℄ Gamkrelidze R.V., On some extremal problems in the theory of dierential equa-
tions with appliations to the theory of optimal ontrol, J. So. Ind. Appl. Math.,
Ser. A: Control, 3(1965) 106-128.
[16℄ Gamkrelidze R.V., Priniples of Optimal Control Theory, Plenum Press,New
York, 1978.
[17℄ Hairer M., Mattingly J.C., Ergodiity of the 2D Navier-Stokes Equations with
Degenerate Stohasti Foring, Preprint arXiv:math.PR/0406087, June 2004.
[18℄ Jurdjevi V., Geometri Control Theory, Cambridge University Press, 1997.
[19℄ Kato T., On Classial Solutions of the Two-Dimensional Nonstationary Euler
Equation, Arh. Rational Meh. Anal., 25(1967) 188-200.
[20℄ Ladyzhenskaya O.A. The mathematial theory of visous inompressible uid.
Gordon and Breah, 1969.
[21℄ Mattingly J.C., Pardoux E., Malliavin Calulus for the Stohasti 2D Navier-
Stokes Equation,Preprint arXiv:math.PR/0407215, July 2004.
[22℄ Romito M., Ergodiity of nite-dimensional approximations of the 3D
Navier-Stokes equations fored by a degenerate noise, J. Statistial Physis,
114(2004),155-177.
[23℄ Wolibner W., Un theoreme sur l'existene du mouvement plan d'un uide parfait,
homogène, inompressible, pendant, un temps innitement long, Mathematishe
Zeitshrift, 37 (1933), 698-726.
[24℄ Yudovih V.I. Nonstationary ow of an ideal inompressible uid, Zhurn. Vyhisl.
Matem. 3(1963), 1032-1066.
1
International Shool for Advaned Studies (SISSA), Trieste, Italy &
V.A.Steklov Mathematial Institute, Mosow, Russia
2
DiMaD, University of Florene, Italy
E-mail address: agrahevsissa.it,asaryhevunifi.it
